EPFL- Spring 2025 Differential Geometry HT: G. Moschidis
SOLUTIONS: Series 1 Rlemannlan geometry 19 Feb. 2025

1.1 Let M be a differentiable manifold of dimension m. Assume that U/, U’ are two open subsets of
M with U NU' # D, equipped with coordinate charts ¢ : U -V C R™ and ¢’ : U — V' C R™.
Let (z',...,2™) and (y',...,y™) be the corresponding coordinates on U and U’, respectively;
recall that each coordinate function 2% : U — R is defined so that

7' =70 ¢,

where Z° : R™ — R is the projection on the i-th coordinate (equivalently, for any ¢ € U, z'(q)
is equal to the i-th component of the vector ¢(q) € R™); similarly for y* (with ¢’ in place of ¢).

(a) Prove that the functions ‘ '
§=yo¢pt, i=1,....m

are differentiable functions on ¢(U NU') C R™ (Hint: Use the assumption on the smooth-
ness of transition functions on M). Show also that

J(z'(p),...,2"(p)) =y'(p) forallpeUnll

Remark. We usually refer to the function ' as the expression of the coordinate function

y' with respect to the (x',... ™) coordinate system on U NU'.
. m . m
(b) Show that the coordinate tangent vectors { aii }1:1 and { 8(;:)ﬂ }1:1 satisfy at every point on
unu”
0 = 0,7 o )
oz W oyl

Find a similar relation between the coordinate covectors {dz'}™, and {dy'}™,.

Solution. (a) The definition of the coordinate functions y* : U’ — R, 1 < i < m, implies that
Foyod =50 os). 1)
Our assumption that M is a differentiable manifold implies that the transition map
oo tiopUNU)CR™ = dUNU)CR™

is a C*° homeomorphism between two open subsets of R™. Moreover, the coordinate projection map
7' : R™ — R is a C* map. Thus, the composition of the function defining 7° in (1) must be a C*
function.

The fact that ' : R™ — R is the projection to the i-th Cartesian coordinate is equivalent to the
statement that, for any point z € R™,

z=(z'(2),...,2™(2)).

Thus, for any pe U NU’,
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and, therefore, _ 4
y'(p) =7 0 o(p) = G(='(p), ..., 2™ (p))

(b) Recall that, in any local system of coordinates (y',...,y™), the coordinate vector fields a(zi are
defined so that the result of their action on the coordinate functions 17 is
8‘(yj):5j i,j=1,...,m. (2)
ayz 177 ) ) Y

m m
At any point p € U NU’, both sets of tangent vectors {%} and {%} constitute a basis
=1 i=1

)

for T, M; as a result, there exist functions /\g UNU — R, i,j = 1,...,m, such that, for any
1=1,...,m:

T ®)
Ox? O’
(recall that repeated indices are assumed to be summed). Using (3) to compute 72 (y"), together
with (2), we therefore obtain

0
oxt

() = -2

za_yj(yk) = Af- (4)

Using the expression
g @), 2™ () =yt 0),s

we can also calculate (after applying the chain rule) that

O kviy ok
5,7 W) (0) = 05" 0 6 (p). (5)
Thus, returning to (3) and using (4)—(5), we obtain
0 , 0
— 0 od —

Similarly, using the fact that both {dz’}}*, and {dy'}, form a basis of T,y M for any p € U NU',
we have

dy' = fida’ (7)
for some functions f; UNU = R, i,j=1,...,m. We can therefore compute
J i 0 ik O i sk i
%(9 ) =dy (%) = frdx (%) = fk(sj = fj'
However, using (6), we also have the following expression for 52 (y'):

0

. 5 J N i
@(yl):ajykogb-a—w(y):ajykoqs-éf:@jy ° .

Therefore, combining the above two relations and returning to (7), we infer:

dy’ = (@gji o gb) -da? .
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1.2 Construct a smooth atlas (not necessarily maximal) on the unit sphere

S"={z e R"": ||z| =1}

) n+1

Solution. An example of an atlas on S" consists of the collection { (U:t ,¢ where:

— The open sets Uf ,U(_k CS" k=1,...,n+ 1 defined by
={z=(2',...,2""") e R™": ||z|| = 1 and 2* > 0},
®) — {z=(". .., 2" eR"™: ||zl =1 and 2* < 0}

(note that every point x € S™ has at least one non-zero coordinate and thus belongs to
at least one of the sets Z/{j(ck)). Note that Z/{J(rk) and U correspond, respectively, to the
north and south hemispheres of S" in the direction of the z*-axis (i.e. with the equator
corresponding to 8" N {z*F = 0}).

— The homeomorphisms ¢ : 4*) — B" ¢ R" (where B! = {y € R" : |y|| < 1}) are

defined as the projections on the coordinate hyperplane orthogonal to the z*-axis, i.e.

(k) k—1 .k _k+1

R G e e LA

o k=1, k41 n+1
= (..., 2" 2" ),

(it is easy to check that they are continuous, 1 — 1 and onto). Note that the inverse maps
(681 Br — U™ take the form

@y = ,y'“,+\ L= DR o), 8)

(qb(_k))’l(yl, oy = Lyt —\ 1-— Z(yi)Q, AT ) 9)

For any numbers ki, ko € {1,...,n + 1} and any signs €1,e5 € {+, —}, the image of the set
M) UP) via the chart ¢£’f1) satisfies

Byn{z* >0} if ky > ky and €3 = +,
Brn{z* <0} ifk; > ko and €3 = —
Brn{z* 1t >0} if ky < ko and e = +
Brn{z*>~t <0} if ky < ko and e; = —
BY it ky =ko and g =€

(0 if ky = ko and €; # €.

Q(kl,kz) - qbgllﬂ)(zjle(lkl ﬂue(fz) _

€1,€2

In view of the above explicit formulas for gbi and (¢ k)) it is straightforward to verify that
the transition maps ¢ o ()1 are smooth (in fact, real analytic) homeomorphisms from
Qb o Reogo QWM ¢ R Thus, {( ), (k))}z+11 is a smooth atlas on S™ (albeit not
maximal).

Page 3



EPFL- Spring 2025 Differential Geometry HT: G. Moschidis
SOLUTIONS: Series 1 Rlemannlan geometry 19 Feb. 2025

1.3 Let (M, g) be a Riemannian manifold and let (z!,...,2") and (y',...,y") be two systems of

coordinates around a point p € M. Let g;; be the components of the metric ¢ in the (z',..., 2")
coordinates, while g;; are the components of g with respect to (y',...,y"). Show that
Oz Ox®

W o

where, in the above expressions, the coordinate functions z” are considered as functions of
(y',...,y") (see Ex. 1.1). Express the Euclidean metric on R? \ {0} in polar coordinates.

. n
Solution. Using the relations from Ex. 1.1 between the coordinate tangent vectors {aii}
i=1

n
and { 8?/ } , we can easily calculate:
=1

o 0

. ox* o0 0z 0 0x® Oxb o 0 ox® Ozt
Gij = g<8_yi’ 8_@/3) =

g(a_yi dra’ Oy o) = By a_ya‘g(axa’%) By By I

Note that we made use of the fact that, at any p € M, g|, is bilinear on 7, M x T, M and
therefore, for any finite set of vector fields {X,}a, {Y3}s and functions {fo(él)}a, {fﬁ(z)}[j M —

R, we have:
9(D_ S0 Y 1Y) zzww‘mm
el B

Another way to obtain the same identity is by noting that g;; and gw are the components of g
with respect to the coordinate bases {dz'®dx7}};_; and {dy’ ®@dy’ }};_,, respectively (these are
the coordinate bases of bilinear functionals on 7T, M x T),M associated to each of the coordinate
systems (x!',... z") and (y',...,y")). Therefore, we have

g = gapdz® @ da’ = §i;dy’ @ dy’.

Using the relations from Ex. 1.1 between the coordinate covectors dz® and dy’, we can also

calculate: - B N
B “ - xt o, Ox o ( x* Ox )
9= Japdr® @ dx —gabaldy © 5 9ab 57 5 dy' @ dy’
The above two relations now imply (since {dy’ ® dy’}};_, forms a basis of Ty M @ Ty M at any
p € M) that
Oz O

Gij = gaba—yia—yj-
The polar coordinates (r,60) on R?\ 0 are related to the Cartesian coordinates (z', 2?) as follows:
1 _ 2 _ ;
x =rcosf, x°=rsinf.
Thus, we can compute:

dr' = cosOdr — rsinfdf, dx? = sinOdr + r cos 6d6.
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The Euclidean metric gg therefore takes the form

gp = dz' @ dot + do? @ da? =
= (cosf@dr — rsin0df) @ (cos Odr — rsin 0dh) + (sin Odr + r cos 0dh) @ (sin Odr + r cos 0d0)
= cos® O(dr @ dr) — rsinf cos f(dr ® df + df @ dr) + r*sin® §(df ® db)
+ sin? §(dr @ dr) + rsinf cos O(dr ® df + df @ dr) + r* cos® 6(df @ d)
= dr @ dr +r*df © db

1.4 Let M be a differentiable manifold and F': M — RY be an immersion. The metric g induced
on M by the Euclidean metric on R is defined by the relation

g(X,)Y) = (dF(X),dF(Y))gn for all tangent vectorsX,Y on M.

a) Show that, in any local coordinate system (z!,...,2") on M, the components of g are
y y g

given by
. OF*QF?
= 0 o i
(b) (Surface of revolution) Let v : (0,1) — R? be a smooth curve parametrized with unit

speed (ie. (2 (u), 2(u)) = 1). Let v(u) = (X(u),Y(u)) be the representation of v in

the standard Cartesian coordinates on R? and assume that X (u) > 0 for all u € (0,1).
Consider the surface of revolution & C R3 obtained by rotating the curve v around the
y-axis; this surface is parametrized by (u,6) € (0,1) x [0, 27) via the map

U(u,0) = (X(u)cosb, Y(u), X(u)sinb).
Express the induced metric on S from the Euclidean metric on R? in the (u, §) coordinates.

Solution. (a) It is straightforward to calculate

o 0
(8x1 8x1 )
0

g
= (4P () AP ()
i

&
| |

oF 8F

Oxt’ 8x3>[RN
OF® QF?

b ST P

where F' = (F',... FV) is the expression of F in the Cartesian coordinates of RY.

=),

(b) Let g be the induced metric on S. For the embedding map ¥ : (0,1) x [0,27) — R* we can
readily calculate:
ov - - - :
a—(u, 0) = (X (u)cosf, Y(u), X(u)sinb),
u
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ov :
55w 6) = (= X(u)sinf, 0, X(u) cost).

Thus, using the formula from part (a) for the components of g in the (u, ) coordinate system,
we calculate:

ove oWl
Yo
= (X(u))*cos® 0 + (Y (u))? + (X (u))?sin® 0
= (X(w)* + (Y (u))?,
ove ol
b 0
= X(u)X(u) cosOsinf 4+ 0 — X (u) X (u) cos 0 sin
= O,

guu:(s

gu0:6

ove ol
b 50 98
= (X (u))*sin®§ + 0 + (X (u))? cos® 6
= (X (u))”,

Goo = 0,

The assumption that ~ is parametrized by unit speed translates to the condition that

(X (w)” + (V(w)? = L

Therefore
9 = Juudu @ du + gug(du ® db + df @ du) + ggedf & db
= du® du + (X (u))’dd ® db.
1.5 Let (M, g) be a Riemannian manifold and ', ... 2" a system of local coordinates on an open

subset U C M associated to a coordinate chart ¢ : U — R™. Show that the volume

Vol(U) = / \/det(g;;) dot ... da"
o(U) ’

is independent of the choice of coordinates.

Solution. Let ¢' : U — ¢'(U) C R™ be a (possibly) different coordinate chart, with associated
coordinates (y',...,y"). Let g;; be the components of g with respect to the y* coordinates.
Our aim is to show that

/ \/det(gi;) o' da' ... da" = / \/det(gi;) o () dy' ... dy".
#(U) "(U)

Let us make a few observations:
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— The map Y = ¢/ 0 ¢! is a smooth homeomorphism from ¢(U) C R" to ¢/(U) C R" (as
a transition map for our manifold). Notice that Y (z',...,z") = (Y(z),...,Y"(2)) is
simply the expression of the (y!,...,y") coordinates on U as functions of the (z!,... 2")
coordinates (see Ex. 1.1).

— Let us denote for a moment by G : ¢(U) — R and G : ¢/(U) — R the functions \/det(g;;)o

¢~ and /det(g;;)o(¢') !, respectively. In matrix notation, the formula from Ex. 1.3 (after
changing the roles of  and y there) can be reexpressed as

9] = ([dY]o¢)" - [9] - ([dY] 0 9),

where
g1 ... Gin Jgui --- Jin
lgl="1: - , lgl=
[ Gnn gnl e gnn
and
oyt ay!
ozl te ozn
[ayl=1: .
ayn gy
fxl " Ozm
Therefore:

Tlgloo™! = \Jdet (I0v)7 - (g} o 671) - a)

= | det[dY]|\/det[g] o ¢~*
= | det[dY]|/det[g] o
— The classical change of variables formula for integrals on domains in R™ gives us that, for

any continuous function f : ¢(U) — R, its integral transforms under the map Y : ¢(U) —
¢'(U) by the relation:

1
f(z)da' .. da" = foY Yy dy' ... dy".
/¢(U) (@) &'(U) ) |det[dY]| o Y (y)

Combining the above observations, we obtain:

Vdetlg] o ¢~ (z) dat ... da" :/, Vdet[glo gt oY (y ! dy'...dy"

) | det[dY]| o Y 1(y)

1
/ v/ detlg] dy' ... dy"

]det[dYH oY 1(y)

o(U)

1
- det[dY] o Y™!|\/det[g] 'y
/,( |detldY] oY ]y de Y ety ov-igg Y %

-/ o VI 0 ) ) 'y

Page 7



